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(Questions

For the multiple choice questions, we give

43 points if your answer is correct,
0 points if you give no answer or more than one,

—1 if your answer is incorrect.

The notation and terminology of this exam are those used in the exercise sheets
and the lectures of the course Linear Algebra given during the Fall semester
2019.




Notation

— For a matrix A, a;; denotes the entry of A in row ¢ and column j.

— For a vector x, z; denotes the i-the coordinate of .

— I,,, denotes the m x m identity matrix.

— P, is the vector space of polynomials of degree less than or equal to n.

— The inner product of vectors x, y € R" is defined as -y =z’ y.

First part: Multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has

exactly one correct answer.

Question 1 : For a real parameter a, and
py(t) = a + 4t — 5%, po(t) = 4 +at — 5t%, py(t) = 4 — 5t + at?,

the polynomials p;, p, and p; are linearly dependent if and only if
|:| a g {_57 17 4}
I:l a € {_57 174}
|:| ac {_57 _174}
|:| a ¢ {_57 _1a4}

Question 2 : Let

3 -2 1
A= -2 3 1
0 0 5

1 1 1 0
(Il o].|1 (] o || =1

2 0 2 2

1 1 0 1
[] o, -1 [] 1|, =1

2 0 2 0

Question 3 : Let A be a diagonalisable nxn matrix.

If all the eigenvalues of A are non-zero, it is always true that

|:| AT and A~ are not necessarily diagonalisable
|:| AT and A~! are diagonalisable
|:| AT is diagonalisable, but A~! is not necessarily diagonalisable

|:| A~ is diagonalisable, but A7 is not necessarily diagonalisable



Question 4 : Let
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The eigenvalues of A are

[ ]3,5,0and 2

[]26,0
[ ] -1, 15 —6 and 2
[ ] -2,2and0

Question 5 : Let A be a square nxn matrix.

If A is orthogonal, which of the following statements IS NOT necessarily true?

|:| For all v, w € R", Aw is orthogonal to Aw if and only if v is orthogonal to w

|:| ai-aj:bi-bjforalllSi,jSn,whereal,...,anarethecolumnsoanndbl,...,bn

are the columns of AT
[ Jdetda=1
|:| AT is orthogonal

Question 6 : Let T : P; — IP; be the linear mapping defined by

T (a+bt+ct* +dt*) = (a —d) + (b+ )t + (c — b)t* + (a + d)t°.
The matrix M for T with respect to the basis B = {1 +3, 113, —t+1¢2, t+t2}, i.e.
[T(p)]B = M[p]B for all p € Py is

1 0 0 -1 0o 2 0 0
0 1 1 0 0o 0 0 2
M: M:

L] 0 -1 1 0 L] 0o 0 2 0
10 0 1 2 0 0 0

1 1 0 0 o 0 2 0

DM: -1 1 0 O DM: 0 2 0 O
0 0 1 -1 0 0 0 2

0 0 1 1 2 0 0 0



Question 7 : For a real number «, and

1 -1 1 1

A— -1 -1 1 1 ’
-1 1 « 1
—1 1 1 «

the matrix A is invertible if and only if

[Jae{3-1}
[Jace {-3,1}
[Jag¢{-31}
[Ja¢{3-1}

Question 8 : Let A be any mxn matrix with m < n. Then it is always true that

|:| Ax = Ac has an infinite number of solutions for all choices of ¢ € R"
|:| Az = Ac has a unique solution for all choices of ¢ € R"
D Az = b has at least one solution for all choices of b € R™

|:| ATy = 0 has a unique solution

Question 9 : Let T : R* — R? be the linear mapping defined by
T(e,) =6e, + 12e, — 3e;, T(ey) =2e; +4e, — €5,
T(e;) = 8e; + 12e, — 8ey, T(e,) = 8e; + 10e, — 10e5,
where {e;, e,, €5, e,} and {e;, €,, 5} are the usual canonical bases of R* and R? respectively.

Then the range (or image) Im T of T is

1 4 4 3
|:| Span 01,12 |:| Span 31,10
0 0 0 0
6 2 2 2
|:| Span 12 |, 4 |:| Span 41, 3
-3 -1 —1 —2

Question 10 : As A = <_i g) is symmetric, it is orthogonally diagonalisable, i.e. it
can be written as A = QDQ”, with Q an orthogonal matrix and D a diagonal matrix.

If d;; > 0, then one possible choice for @ is
o =2/vV5 15 (15 =2/5
DQ_( 1/v5 2/\/5> DQ_<2/5 1/5)

_( UVE 2V _ [ WVE 25
DQ‘(%NS 1/¢5> DQ‘<2N5 1/¢5>



Question 11 : Let A be a mXxn matrix and b € R™.
Let w € R™ be a solution of the linear system (A7A)w = ATb. Then it is always true that
|:| w is a solution of the linear system Aw = b
D the matrix ATA is invertible
[]]|6— Aw]|| > || b— Au|| for all u e R"
[]]|o— Aw| < | b - Aul| for all w e R"

Question 12 : Let a4,a,,a5 € R. Among the following four sub-sets of the vector space
P,:
& ={ag+ajt+ayt? €Pyla; =0},
Ey={ag+ait+ayt? €Pylay=ag+ay},
&y ={ag+ayt +ayt? €Py | a; = ay + 3},
& ={ag+ayt +ayt? €P, | af = al},
how many are sub-spaces?
(11
[]2
[]3
[ ]4

Question 13 : Let T : R? — R? be the linear mapping defined by

()= ()

Ty 8Ty + Ty ’

and let M denote the matrix for T relative to a basis B, that is M is such that
[T(v)] 3 = M|[v]; for all v € R? If the basis B = {< -1 ),(bl >}, and M =

-5 10
(_2 7), then

[ Jb,=2  b=1
[ b, =1, by=-2
[]b,=1, by=2
[ b, =-2, b,=1



Question 14 : For

1 -1 1
A=11 -1 01,
1 -2 -1

the entries in the inverse matrix C' = A~! satisfy

[] ¢ =—1 and Cgp = —1
[] Cyp = —1 and c13=0
[] Cog = —1 and c13=—1
[Jep=-1 and cg3 =0

Question 15 : Let A be an mxn matrix, and let W be the subspace of R™ defined by

W = {w € R™ | there exists a v € R" with Av= w} .

If dim(W) = k, then

[ ] dim(Nul A7) =n —k

[ ] dim(Nul AT) = &

[ ] dim(Nul AT) = min(m,n) — k
[ ] dim(NulAT) =m —k

Question 16 : Let 7 : R* — R* be the linear mapping defined by

zq T + 2wy — 314 + 42y
T Ty _ 2, + 9 — 74
Ty Ty — 2x3 + 31y

Then the nullspace (or kernel) of T is

7

1 4 1
-1 3 —2

|:| Span NE 5 |:| Span 1|
-1 0

1
CIspang | 710 0 (I spand |51
1
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Question 17 : For a real parameter h,

1 —4 -3 0
A= -1 12 5 and b=1 h-3 ,
-1 4h+4 h+3 2
the matrix equation Az = b has an infinite number of solutions if and only if
[ ] he{41}
[ he{-41}
[ ] he{-4,-1}
|:| h € {47 _1}
Question 18 : Let
1 2 5
A= 1 0 and b= 1
1 -1 0
Then the least squares solution T = ( fl ) of Ax = b satisfies
T2
[ ] =10/7, Ty =12/7
[ ] =-10/7, Ty =12/7
[ ] & =12/7, Ty =10/7
[ ] =12/7, Ty =—10/7

Question 19 : For A any nxn matrix, let

k=det (A+1,)* — (A—1,)%).

Then
[ ] k=4det(4)
[ ] k=2"det(A)
[ ] k=2det(A)

[ ] k=4"det(A)



Question 20 : Let

0 2 4
v= 8 and W = Span _(2) , _g
—18 1 2

Then the orthogonal projection of v on W is

8 —12
1 12
L] 0 L] —6
—14 —6
-8 —360
8 360
L] 0 L —432
—4 —180

Question 21 : Let

0 1 -1 0 1 0
B = 11,1 01, -1 and C= 11,1 01}, -1
0 1 0 1 1 0

be two bases of R3. Then the change of coordinates matrix P from the basis B to the basis
C+B

C, i.e. the matrix such that [:I:]c = P [:L']B for all z € R3, is
C+B

2 1 -1 0 o0 1
[(Jlo 1 o0 Ol o 1 41
10 0 -1 0 2
2 —1 1 0 -1
(][ 1 1 o [(Jfo o —1
1 0 1 1 -2
Question 22 : Let A and B be two square nxn matrices and let {v,,...,v,} be a basis of
R™ formed by eigenvectors of A.
If the v, ..., v, are also eigenvectors of the matrix AB, then it is always true that

D if B is invertible, then B is diagonalisable
I:l if A is invertible, then AB # BA
|:| if A is invertible, then B is diagonalisable

|:| the determinant of B is non-zero



